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Two-dimensional granular flow in a vibrated small-angle funnel
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We have studied the flow of a single layer of uniform balls in a small-angle funnel when it is vibrated
parallel to the flow. Generally, we measured the flow rate as a function of a dimensionless accelération
However, for sufficiently small outlet widths, the flow can jam so we also measured the elapsed times between
balls and their correlations to study jam dynamics. In particular, we found that when the funneBangke
larger than~4°, a stable jam always formed fbr<1 and the flow stopped. Fér~1—4, jams still occurred,
but now they broke and reformed, although they could ta$00 s, resulting in long-time correlations in the
flow. The elapsed time distributions in this case show distinct, possibly algebraic, tails. Béyohgdthe flow
no longer jammed and the flow rate became constant. The general behavior has been mapped out in a rough
phase diagram.

PACS numbeps): 45.70.Mg

I. INTRODUCTION little effect on the flow and was therefore fixed in the interest
of stability.)

The flow properties of a single layer of uniform brass A funnel was made by placing two 2.5-mm-high alumi-
balls rolling down an inclined plane through a small-anglenum walls(F) on the plexiglass platéA). They had 28-cm-
funnel have been studied by Veje and Dim@fD) [1]. In  long straight sections which opened smoothly at the top to
effect, this was a two-dimensional analog of an hourglassiorm a reservoir. The ratio of the funnel length to the ball
but with the capability to observe the flow in detail. In par- diameter was therefore-100 as compared with-600 in
ticular, it was found that the flow jammed for sufficiently VD, so this is not a fully scaled down version of that experi-
small funnel outlet widths. We have constructed a smallement. (This was necessary for practical reasons such as
version of that experiment, and subjected it to vibrations parweight and expenseThe walls could be moved to vary both
allel to the flow in order to study the dynamics of the jam-the funnel half-anglgg from 0° to 7° and the outlet widt®
ming proces$2]. Related experiments have been performedrom 0 to 25 mm. They were positioned at the outlet using
on a wide-angle hoppd3,4] and an hourglasgs] but for  fixed-width calipers, so the uncertainty Ihwas 0.1 mm.
rather different parameter ranges. Consequently, the dynanthe funnel width near the reservoir was measured with a
ics in those experimentsvhich will be discussed in Sec. ¥I  ruler giving an uncertainty if8 of =0.05°. The walls were
are distinctly different from those reported here. grounded to prevent the accumulation of static electricity. A

The paper is structured as follows. We describe the explexiglass cover platéG) was placed on top of the walls to
perimental setup in Sec. Il and the different types of meakeep the balls in a single layer. The balls were fed into the
surements in Sec. Ill. We show our results for an unvibratedystem through a funnéH) attached to the top plate. After
flow in Sec. IV. The properties of jams are discussed in Sedeaving the funnel, the balls rolled through a plastic tbe
V. In Sec. VI we present the flow rate measurements and thiato a containerJ). All surfaces were routinely cleaned with
elapsed time measurements and their correlations for a Vvisopropanol. The balls were cleaned by washing them in a
brated flow. Finally, we summarize the salient points in Secmild soap and water solution, then rinsing them with water

VII. followed by isopropanal.
The plate(A) was connected by a 19-cm camsh#f) to
Il EXPERIMENTAL SETUP a cam(L) driven by a 24-V dc motoM). The cam was

fitted with holes to allow six different vibration amplitudes,

The granular material consisted of 10000 brass balls o$pecifically 1, 2, 4, 6, 8, and 10 mm. The frequency of the
diameterd=3/32 in. (=2.38 mm) with a diameter devia- motor could be varied continuously in the range 0.5-10 Hz
tion of +=1% and a sphericity of- 0.2%. The average mass by changing the supply voltag€This reduces the motor’s
of a single ball wasn=0.0594 g. Brass balls were used to torque at low frequencies, but the advantages of using a dc
avoid the effects of magnetization. The coefficient of restitu-motor in this manner outweighed the relatively minor disad-
tion of the balls was measured to have a lower bound oflantages.Hence, all measurements were made by fixing the
~0.74. amplitude and varying the frequency.

A schematic of the experiment is shown in Fig. 1. A The total mass of the outflow in the containgj was
plexiglass platéA) (40 cm long, 35 cm wide, 0.6 cm thitk measured with a Sartorius PT 1500 scél§ which had a
was equipped with slides which glided on two fixed réi. range of 1500 g, a precision of 0.1(gpproximately two ball
The rails were mounted on a plastic b@) which itself was massel and a relaxation time of~1.5 s.(The additional
mounted on a heavy aluminum pldat®) with adjustable feet force caused by the falling of balls into the container was
(E). The plastic box was tilted at an anghe=4° from the  roughly the weight of a single ball and hence could not be
horizontal as in VD.(This angle was found in VD to have resolved) The scale was interfaced to a computer which took

1063-651X/2000/6@)/542012)/$15.00 PRE 62 5420 ©2000 The American Physical Society



PRE 62 TWO-DIMENSIONAL GRANULAR FLOW IN A VIBRATED . .. 5421

1,0_...............

05

00 fj

-05

Acceleration (units of g)

_1.0’...|...|...|...|...
M 00 02 04 0.6 0.8

t (s

FIG. 2. The acceleration of the plate relative to gravity, sampled
at 1024 Hz.
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with an HP3562A Dynamic Signhal Analyzer for harmonic
content. The vibration frequency was determined to within
+0.04 Hz from the power spectrum of this signdt. was
observed that the frequency of the motor drifted as it warmed
up from a cold start, so the motor was run for at least half an
hour before making any measurements until it stabilized.
The cam introduces harmonics into the position of the plate
X(t). To second order in the ratie=A/L., whereA is the

o vibration amplitude and.. is the camshaft length, this is
given by x(t)=L [ 1— €*/4— e coswt+(?/4)cos t]. For

the largest vibration amplitudd=10 mm, the ratio of the

(b) [ ] D+ L] amplitudes of the second harmonic to the first harmonic is
thereforee/4=0.013.

An example of the signal from the accelerometer is shown
in Fig. 2. (No balls were in the system, but there was no
significant change if otherwiselt is essentially sinusoidal,
but clearly there are higher frequencies present also. The
power spectrum of a similar signal is shown in Fig. 3 when
© the driving frequency was 2.3 Hz a#d=10 mm. The har-

monic contamination of the acceleration is now apparent.

FIG. 1. The experimental setua) side view,(b) top view, and  The second harmonic is at least 100 times smaller than the
(c) optical system. first, hence the ratio of thamplitudesof the second to first

harmonic of thepositionis ~0.025. Therefore, comparing
readings at 5 Hz. To avoid transient effects, the balls werevith our estimate above, we see that roughly half of the
always allowed to flow for~10 s before making any mea- second-harmonic contribution in the position is from the
surements. This also eliminated any memory effects, i.ecamshaft. The remaining harmonic contributions are due to
hysteresis, when any parameters were changed. mixing of the motor's commutator frequency.

When the outlet width was so small such that only a As discussed in VD, the interstitial fluid does not play an
single ball could pass through at a tirfies., D/d<2), we
also measured the elapsed times between balls with an opti- o°
cal detector which straddled the plexiglass pl@gfrom the

Direction of vibration

<
<

—7

side. This consisted of a 670-nm laser dig& and a pho- 10
todiode(Q) as shown in Fig. £). The laser was focused in 0°
the plane of the balls to a spot less than 10% of the projected — 10°
area of a ball so it was effectively a point measurement. This 7o
system was placed just below the outlet so that all balls leav- 10 .
ing the funnel intersected the beam. A jam, therefore, could 10
not block the beam. The signal from the photodiode was 10"
sampled at 500 Hz with an analog-to-digital converter card N N
in the computer. The frequency response of the optical sys- 10 00 50 100 5.0
tem was checked by modulating the laser and was found to f (H)
be flat up to~10 kHz.
The movement of the plate was monitored with a@& FIG. 3. Power spectrum of the plate acceleration showing the

Kjeer type 4503 accelerometer whose signal was measuredbration frequency and its harmonics.



5422 K. LINDEMANN AND P. DIMON PRE 62

3000 400 7
[ - Steady flow e ] [
[ — Flow with jams 00 L
R 2000 - — >
4+ %) -
= _ § 200
1000 |- - = [
[ 100 H
O""' OW.L.VJ.I.L.. 1 . |V\.N.
0 10 20 30 40 50 60 0.0 0.1 0.2 0.3 04 05
t© (a) t (5
FIG. 4. Number of collected balls vs time for steady flow | | |
(dashed lingand flow with jams(solid line).
important role in the flow. The Bagnold numberhich mea- O Ob
sures the relative importance of viscous drag to ingfta "N - Nmarnr o
balls moving at the maximum velocity,,~30 cm/s(i.e., =
rolling freely) is Ba=3mndv,,/mg ~3x10 3, wherey is m
the dynamic viscosity of air, ang’ =g sin@ is the gravita- L
tional acceleration in the plane of the flow. Also, the Rey-
nolds number in this case is Re,d/v~50, wherev is the
kinematic viscosity of air, whereas turbulence does not occur | | |
until Re~200. 0
00 O 02 0.3 04 05
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IIl. MEASUREMENTS
FIG. 5. (a) Photodiode outputlight intensity) sampled at 500

For comparison with previous work, the total mass out-Hz. A value close to zero indicates a ball is blocking the beam. The
flow measured by the scale was divided by the ball nmass horizontal dashed line shows the threshold value used to decide
to obtain the total number of collected baN§t). Figure 4  whether a ball is in the beam or ndh) The idealized binary signal
shows typical measurements N{t) for a vibrated system B(t) obtained by applying the threshold criterion. A value of 1
with two different configurations, one exhibiting a steadyindicates a ball is blocking the beam. The elapsed timand
flow, i.e., one without any jam&lashed ling and the other a  blocked timeoy, were obtained fronB(t) as shown.
flow with jams (solid line). One can see that the latter alter-
nates between a jammed stdteorizontal regions and a
steady flow. The mean flow rate after a tifiés simplyQ  gn4\n in Fig. §b). The elapsed time and blocked timer,
= N(T)/T. It coulq also be obtained from. the slope of linear were then obtained from(t) as indicated in the figuréThe
fits to N(t). The fitted values were consistent wih even  g|apsed times were measured partly because it proved impos-
when there were jams, indicating tHaft) was, on average, sjple to establish a robust criterion for defining a flowing or
linear. This implies that the jamming/unjamming process isyryly jammed state, although, as will be shown later in Sec.
stationary. VID 2, these states do manifest themselves in the elapsed

In the case of steady flow, the mean flow r&ewas tme distributions. Note that with a sampling rate of 500 Hz,

generally reproducible(The error ofQ is obtained from the  ine smallest measureahieis 0.002+0.001 s. For a typical
standard deviation of the distribution of the local value ofhg| velocity of 10 cm/s, this implies an effective spatial

dN/dt, accounting for the short-time correlations due to theyesolytion of ~0.1 mm. Data were normally collected for

relaxation time of the scaleln the case of flow with jams, 150000 samples, or 300 s, hence the total number of de-
however, consecutive measurements often yielded wildlyected palls depends on the flow rate.

varying flow rates, depending on the duration of the jams. ysing a light chopper attached to the plate in conjunction
The statistics could not be improved by repeating the meaith a lock-in amplifier, we also attempted to measure the
surement. In fact, as we will see in Sec. VID, the elapsetnase shift between the motion of the plate and the signal
time distributions show that the jam durations have a diver{om the optical systentwhich reflects the motion of the

gent mean. o . _ balls. No well-defined phase shift could be detected, al-
WhenD/d<2, it is possible to detect each ball with the though some correlations certainly exisee Sec. VI D
optical system. A short segment of the signal from the opti-

cal detector is shown in Fig.(&, where one can see the IV. UNVIBRATED FLOW
passing of~10 balls.(The intensity fluctuations when the

beam was unblocked were due to the imperfectly uniform
transparent flow plane and top platé threshold criterion First, we discuss the properties of an unvibrated flow.
(dashed lingdetermined the presencer absenceof a ball  These have already been studied in greater detail in VD, but

and was used to generate a purely binary si@@). The
idealized representation 8f(t) corresponding to Fig.(8) is

A. Qualitative behavior
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we now summarize the results for comparison later. It was
found in VD that for certain values db/d in the range
D/d~1-3, the balls would jam near the outlet and the flow
would stop. These jams are the primary interest of the
present work and we will postpone a discussion of them until
Sec. V. ForD/d>3, the flow no longer jammed and there
were three different regimes as a function of the funnel half-
angleB. For D/d=3.14, they were as follows.

(i) B<0.05°: Pipe flow. There was a nearly stationary
shock wave about 20—30 cm below the reservoir, after which
the balls mostly accelerated freely.

(i) B~0.05°-1°: Intermittent flow. Kinematic shock
waves propagated upstream, disturbing the fiGwese have
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been studied in detail in another wor&].)
(i) p>1°: Steady flow. The flow was of nearly uniform  F|G. 6. Flow rate vs funnel angle f@=7 mm (D/d=2.94).
density (although weak shock waves could still be Seen  The dashed line is a power-law fitee text
We repeated similar measurements with the present setup,
although recall that this is not a rescaled version of the one ipy L. but is consistent with the value found in VD. The

VD, so we should expect some differences. Bor8 mm  inferred packing fraction was found to &= 0.56+0.03,

(D/d=3.36), the following behavior was observed. lower than expected for dense packing, though slightly larger
(i) B<0.5°: Free flow. The balls just accelerated freely.than found in VD.

The funnel was probably not long enough to allow the for-  giow rates were also measured f&r=3 mm ©/d

mation of the stationary shock observed in VD for pipe flow. — 1.26) andD=5 mm (D/d=2.10). If the flow rateQ is

(i) B~0.5°—1.5°: The behavior depended on the initial ;ogcaeqd by a factdb®?, then these data should collapse in
state. For an initially filled funnel, intermittent flow with 4 regionB> B, where Eq.(1) is valid. However, the peak
fSJ]::; V\;?(;/:?‘I;Vvssvvgzsstr)\;ee?vzz Ir:nvtl))c;trfocrazgsl,nI:%aélxglc?v?%té/posmons will still not coincide. 1§3,~D/L as argued in VD,
' : : then ~D¥2-2_p Y2 Thys, if one plot/D ver-
havior remained stable during the measurement period. Q) Pp plots

(i) B>1.5°; Steady flow as in VD, with weak shock

waves visible up tg3~2.5°.

susB/D, the data should collapse everywhere except in the
free flow regimeg<g,. This rescaling is shown in Fig. 7.
(ForD=3 mm the flow was constantly jamming for smaller
B so a meaningful peak position could not be determined.
B. Flow rate measurements

As in VD, we measured mean flow rates and compared
them with the prediction of Browfi7,8] as modified in VD
for rolling balls. For a small-angle funnelB&l) on a
slightly inclined plane ¢<1), this can be written as

Q — (40/7) 1/2( C/ ’7Td2) gl/2D 3/2B7 1/201/2,

2. D dependence

Figure 8 shows the flow rat® as a function oD/d for
two values ofg in the steady flow regime. For<lD/d<6,
one observes a reproducible steplike structure, also found in
VD. (These steps were more distinct in VD, where it was
possible to make finer adjustmentsDn) In particular, note

. : . hat there is a jammed stafee., Q=0) for one measure-
where the only unknown parameter is the two-dlmensmna} .
packing fractionC [9]. For triangular close-packed spheres ment atD/d~_1.5. Power—]gw fits to these data _sétmt
C=m/23~0.91.(Note that in this work3 is always below showr_1 for clarity are ngs'lt'(sve to t_he step_s, but yielded re-
the angle of approach, which is known to bel5° [8].) sults in the rang&~D™" consistent with Eq(1), and

D

1. B dependence

Figure 6 shows the flow rat® as a function of3 for D
=7 mm (D/d=2.94). It reaches a maximum #,~0.8°
for the same reason discussed in VD, namely, the flow rate is
governed by the outlet fof> g, and by the inlet from the
reservoir for3<pg,. The peak position here is higher than
the value,~0.3° found in VD, but it was argued in that
work that the peak is essentially a finite-size effect and that
Bp~DI/L, wherelL is the length of the system. This would
predict that in the present setysig ought to be~1.5°, which
is somewhat larger than observed. Generally, all flow re-
gimes in the present work occurred at larger angles than in
VD. Otherwise, the data were qualitatively the same.

In Fig. 6, the data fo3>g,, which should follow Eq. FIG. 7. Rescaled flow rate vs rescaled funnel angle \iith
(1), are shown fitted with a power law yieldin®Q =3 mm. Error bars are omitted for clarity. The connecting lines
~ B2422092 The exponent is lower than the predicted valueare guides to the eye.

0.0

3.0

10 20
6/0/D,) (deq)
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FIG. 8. Flow rate vs the ratib/d for two different values of the
funnel angle. Error bars are omitted for clarity. The connecting lines
are guides to the eye.

again also with VD. The deduced packing fraction was in the
range C=0.4-0.5, consistent with the result above for

Q(B).

V. JAMS

The primary purpose of this experiment was to study jams FIG. 10. A jam at the inlet of the funnel.

and the effect of vibrations on them. In amvibratedsys- v defi di ionl lerafi

tem, they were observed to have the configurations showf?ne zcor/nmony elineés a dimensioniess acceieration
schematically in Fig. 9. Most commonly, a jam occurred ~A®“/9’ as a control parametg£0]. (Note that we use the
when two balls formed a small arch near the outlet as in Figsdravitational acceleration in the plane of the flog/

9(a) and gb). Jams involving three balls as in Figcwere  —9Sind.) For outlet-dominated flow, the flow rate always
seen approximately five times during the entire experimengtaPilized for sufficiently largé’, although it was not always
(roughly one year Jams with more than three balls were & function of " _alone. Generally]” was always increased.
never observed. Fg8<0.5°, jams consisting of four to five (As stated earlier, all measurements were started from the

balls also occurred at thlet to the funnel as shown sche- flowing state, eliminating any hysteresis effects.

matically in Fig. 10. We studied the behavior in the following parameter
In a vibrated system, only the two ball jams were ob- fanges.

served. However, their relative stability depends strongly on _ _

the configuration. The jam in Fig(& usually occurred dur- D=34, and 5 mm (D/d=1.26,1.68,2.1

ing steady flow when the flow was densest. When vibrated, it

is not very stable since even a small perturbation will allow

the ball closest to the outlet to fall out. The jam in FigbP

B=0.1°,0.8°,2.0°,3.1°,4.2°,5.4°, and 6.5°,

is much more stable thafa) for three reasonsi) a much f=0.5-10 Hz,

larger rearrangement is required to free one of the two balls

closest to the outletji) during vibrations, the two balls tend A=1246,8, and 10 mm,
to move up and down together, so the required rearrange-

ment is not likely to occur, andiii) the ball immediately ['=0-58.

above them stabilizes the situation even further. _ : Lo
Since the purpose of this work was primarily to study the

V1. VIBRATED FLOW effect of vibrations on a jammed state, we will concentrate
on the measurements for=3 mm (D/d=1.26) when jams
When the system is vibrated, there are two additional pafor I'=0 were observed to occur for some valuegoflams
rameters, the vibration frequenay=2f and amplitudeA.  were rarely observed for larg&, hence the effect of vibra-
tions was not particularly dramatic, although not without in-
terest. These data will be discussed later in Sec. VI C.

A. Qualitative behavior for D=3 mm (D/d=1.26)

The behavior of the flow has been summarized in a rough
phase diagram Fig. 11. The horizontal boundaries separating
(@) (b) ©) the different phases as a function @fare only intended for
clarity since we have insufficient data to locate them accu-
FIG. 9. Three different jam configurations near the outlet of therately. (Also, the flow does not necessarily depend Ion
funnel (see text alone) We identify three new flow types associated with a
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T T T jumps in the flow rate. The density fluctuations at the outlet
; also tended to generate visible kinematic shock waves which
propagated upstream.

E,tablei flow with jams . —
jams ! I

B. Flow rates for D=3 mm (D/d=1.26)

B (deg)
N [dh] i [3)] (o)} -3
1
|

n _ The phase diagram Fig. 11 was measured for figeahd
steady increasingl’. We now discuss the flow behavior and flow
; rate measurements as a function®f
1 5“;:‘}"/ i flow with jams | .
I S A 1. B=0.1°
The flow behavior in this range is entirely dominated by
the dynamics at thénlet and hence is not really pertinent.
Balls that enter the funnel just roll out freely. Figure(d)2
FIG. 11. Phase diagram showing the different flow types forshows the flow rat€ for 5=0.1° and six different values of
D=3 mm (D/d=1.26). The boundariedashed lines should A. For'=0 only, inlet jams occur as discussed in Sec. V.
only be taken as rough guides. WhenT is increased, there is flow with jams followed by
excited flow, just as with outlet jams.

vibrated flow. In particular, all three types occur f@ )

=4.2°, where we note the following behavior with increas- 2.p=08

ing I': (i) ['<1: Stable jam. An apparently unbreakable jam  Figure 12b) showsQ for 8=0.8°. ForI'=0, the flow
always forms.(ii) ['~1—4: Flow with jams. The system could jam, but no stable jams were observed in the presence
alternates between a flowing state and a jammed state as @f vibrations. Forl’<1, the flow was either steady or flow
Fig. 4. (iii) I'>4: Excited flow. The flow no longer jams. With jams, depending on the initial state of the funieh-

The balls near the outlet are always rather excited. In addifilled or filled, respectively as found for an unvibrated flow
tion to these, a steady flow as discussed in Sec. IV A, i.e., &5€€ Sec. IVA ForI'~1-4, it then becomes solely flow

relatively dense flow without jams, also survived in the presWith jams, in which case the flow rate varies wildly due to
ence of vibrations fo3=2.0° andg=3.1° and forl'<4. the large fluctuations in the jam durations. The flow rate

stabilizes fol" >4 (excited flow and becomes constant. The
final value decreases with increasidg but it appears to
1. Stable jams reach a lower bound whe~6 mm.

We now discuss the new flow types in more detail.

Even when the system was vibrated, jams still occurred,
but their duration depended strongly bn For 3=4.2°, the
jams remained stable uniil~ 1 (see Fig. 11 (Of course, in Figure 12c) showsQ for g=3.1°. Jams do not occur
principle, one has to measure for an infinitely long time toeven forl'=0, the flow is steady, and the flow rate is always
determine whether a jam is truly stable or not. In generalelatively stable. Beyond' ~4, the flow is excited and the
these jams were observed ferl5 min before the measure- flow rate is constant, saturating again wher6 mm.
ment was stoppeflAs might be expected, stable jams were
virtually always of the type shown in Fig(9. 4. p=4.2°

3. =2.0°, 3.1°

Figures 12d) and 12e) showQ for larger funnel angles.
2. Flow with jams Generally, the flow behavior now only seems to depentl on

Jams still occur, but now they are of finite duration, de-a/one, i.e., there is no dependence AnThis region has
creasing in some cases from100 s to~1 s with increas- alréady been discussed in Sec. VIA. Hoxl, there are
ing T in 300-s runs. Longer runs ef2 h were made for a Stable jams. FoF'~1—4, there is again flow with jams, and
few values ofT" to see if longer jams occurred, and indeed292in the flow rate fluctuates due to the large variations in
they did. Jam lifetimes will be discussed further in Sec.Jam durations(Itis not understood why flow with jams oc-

VI D. The flow was relatively steady between jams, as carfurs in two different regions of the phase diagraidow-
be seen in Fig. 4. ever, note that there appears to be, on average, a curious dip

in the flow rate al’'~2. ForI'>4, the flow is excited and

the flow rate is constant, at roughly the same value as for

smallerg.
Jams could not form when the system was strongly vi-

brated. Moreover, balls near the outlet tended to bounce vio-

lently off the walls and each other, hindering them from

finding their way out of the funnel. This resulted in lower The flow behavior was also studied for larger outlet

flow rates than for steady flow, although generally higherwidths. Even forD=4 mm (D/d=1.68), jams no longer

than for flow with jams. It also appeared to the eye that wheroccurred without vibrations for all measured values fof

one ball managed to escape, a group of two to five ball§he same qualitative behavior was also observed Oor

sometimes followed closely behind it, resulting in brief =5 mm (D/d=2.10) and will not be shown.

3. Excited flow

C. Flow rates for D=4 mm (D/d=1.68
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FIG. 12. Flow rates v§' with different driving amplitudes foDb=3 mm (D/d=1.26) and different funnel angle&) B=0.1°, (b)
B=0.8°(c) B=3.1°,(d) B=4.2°,(e) B=5.4°,(f) B=6.5°.

Flow rate curves foD=4 mm are shown in Figs. 18
and 13b). The flow is steady fod"<1. However, forl’
~1-3, jams begin to appedalthough too rarely to obtain

angle (3=45°) hopper forD/d~3 andI'=0—4 at fixed
frequencies between 20 and 60 Hz. They found that with
increasingl’, the flow rate dropped-20% at 20 Hz, re-

any reliable statistigsresulting in occasional large fluctua- mained constant at 50 Hz, and increase0% at 60 Hz.
tions in the flow rates. It therefore appears that in this casgnhey concluded that the flow rate was not a functiorf

vibrations actuallyenhancethe ability to jam, possibly be-
cause transverse collisions with the walls disrupt the flow
giving them a chance to form. The flow rate becomes con

stant beyond’~5, again saturating wheA~6 mm.

of both 8 and D/d than reported here. Wassgrenal. [3]

have studied the flow in a vertically vibrated vertical wide- creasingl’ [4].)

but of a dimensionless velocity,~Aw. However, based on
our observations, it may be that they did not study large
enoughI' where it may become the relevant variable.
Previous work on vibrated flows examined larger values/A similar system was subjected to transverse vibrations
in which case the flow rate increased up~+d0% with in-
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FIG. 14. Histograms of elapsed times for two configurations

50 LI TroTrr LI LI LI LU
! ' ! A 2' with steady flow: unvibrated I{=0) and vibrated [=1.2A
A= mm
=417 A% =6 mmf=19 Hz).
4 =t par el
-------- A=8 mm
T Second, we compute the power spectruS(w)
o 3 7 ~|B(w)|?, whereB(w) is the Fourier transform oB(t).
3 . T e i Since only single balls pass through the beam, the power
E; 20 - el N spectrum can be written in the more specific form
10 _ 1<
S(w)~|F(w)|q 1+~ >, et |, ®)
. N Zk
0 s e b by v v v v b s
) °© 5 ® 1|‘_5 20 0 where F(w)=4 sin(oy/2)/w is the shape function for a

single ball,N is the number of balls, and the sum is over all
FIG. 13. Flow rates v& with different driving amplitudes for ball detection times;. (The form for the shape function
D=4 mm (D/d=1.68) and different funnel anglega) s=0.7°,  assumes a constant velocity for the balls, although in reality
(b) p=4.1°. the relatively narrow velocity distribution will smear it. Nev-
_ ertheless, it will suffice for our purposg¢she first term in
Evesque and Meftaf5] have measured flow rates in a the prackets represents the self-correlations, and the sum rep-

vertically vibrated hourglass witb/d~9 andI'=0-5 at  (egents the correlations between different balls. From the
fixed frequencies between 5 and 100 Ki¥o funnel angle o yer spectrum, we obtain the correlation functier)

was given although it is usually not well-defined for a cIaSS|c:<B(t)B(t+T)>_ If B(t) becomes uncorrelated with itself
hourglass. They generally observed that the flow rate de—for sufficiently larger, thenC(r)— (B)2. For a binary func-
creased significantly with increasing (although in some tion. we note that @[b(T)<1 and

cases there was first a weak maximuml'at0.6). In par- '
ticular, the flow stopped completely fdr>2 and 406<f

<60 Hz. Such an effect was never observed in our experi- (BY=(B?)=nd= _ 1 3)
ments. 1+71d  1+{(o){op)’
D. Elapsed time measurements 1. Steady flow

We now discuss the analysis of the binary ball function Histograms of the elapsed times for two different configu-
B(t) discussed in Sec. lll. It was only measured r rations in the steady flow regimeee Fig. 11 are shown in
=3 mm (D/d=1.26), where relatively long-lived jams oc- Fig. 14. In both cases, the distributions are relatively narrow
curred frequently enough for study. and without significant tails(The largest elapsed time was

First, we generate histograms of the elapsed tiN@s). ~0.07 s) This suggests a nearly periodic flow. For the un-

In some cases, in order to reveal the tails of these histogramsbrated flow (solid line), we find that{c)=0.004 s and
more clearly, we also show the cumulative distribution(c,)=0.020 s, henc&B)=0.83. Thereforep~12 cm/s,
N(o'=0), i.e., the number of elapsed times greater than or"~0.2d~0.5 mm, andQ~42 balls/g[cf. Fig. 12c)].

equal to a given measured elapsed time. The distributions for For the vibrated flow(dashed ling the entire distribution

the blocked timear, were, as expected, relatively narrow and broadens slightly and shifts to longer times, indicating that
are not shown. However, one can use the mean blocked tintbe balls are either moving slower or the mean free path has
to obtain the mean ball velocity=d/{o},). The mean free increased. We now findo)=0.008 s and o,)=0.013 s,
path is then/=v{c)=({a)/{op))d. The mean density is hence(B)=0.62. Thus,v~18 cm/s/~0.6d ~1.5 mm,
thenn=(/+d) ! and the mean flow rate ®=nv = ({o) andQ~48 balls/s. Thus, the balls are movifagterby 50%
+(op)) L. for a vibrated flow, but the mean path path has increased by
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08 — T T T T T T T times, andC(r)—(B)?=0.69, which is consistent with the
HU\AN\/\/\/\/W value obtained above. The envelope is essentially exponen-

07 \ N tial, i.e., C(r)~e 7™ and the coherence time is,

06 F _ ~0.15 s. The same information is contained in the power

X o ] spectrum shown in Fig. 1B). There is a peak at42 Hz,

05 1, — p=31T =0 which is just the inverse of the period and which has a

- $=0.8° =12 - width corresponding to the inverse of the coherence time.

& A m e e One also observes its harmonics at higher frequencies.
’ One can also obtain the velocity from the zerbs

03 E. _ =w,/2r=nv/d for integern of the shape functiofr(w).

o2 b——r»> L1 Sinceo,<T, these can be seen at slightly higher frequencies
6o 01 02 03 04 05 08 than the peakgalthough, due to smearing, they are not true

zerog. The first zero at~-50 Hz again yieldy~12 cm/s.

The subharmonic at 22 Hz indicates that the symmetry
L L L L of the periodic flow is, in fact, weakly broken, resulting in a
period doubling. This could, for example, be due to a weak
pairing of the balls, but is more likely due to the fact that the
balls tend to leave the funnel alternately from the left and
01 right walls, and that these balls are detected slightly differ-
ently by the optical system.

When the system is vibrated, the results are qualitatively
the same but with some quantitative differences. The corre-
lation function in Fig. 1%a) (dashed ling shows a slightly
faster periodicity of the ball$~0.02 s. It now converges to
Ll i e (B)?=0.37, consistent with the value obtained earlier and

10 100 the now lower densitfor longer mean free path; see Eg.
f (Hz) (3)]. The coherence time has now decreasedte0.08 s.

Thus, not surprisingly, even relatively weak vibrations dis-
L) B S N L L] B B SR R S turb the periodicity.

The corresponding power spectrum is shown in Fig.
15(c). The main peak now occurs a *~48 Hz and is
noticeably broader than the peak in Fig.(H5due to the
shorter coherence time. The subharmonic peaks are now also
noticeably stronger, indicating a greater asymmetry in the
way the balls leave the funnel. The zeros of the shape func-
tion are now too smeared to be obvious, but the first should
now occur atf,=v/d=(op,) 1~77 Hz where there is, in
fact, a minimum.

The peak at 1.9 Hz is just the vibration frequengys
ol el il second harmonic at 3.8 Hz is also visibl&pparently, there

10 100 are correlations at the vibration frequency as well. Since we
© f Hz) can see no obvious modulation B{t) at this frequency, it
may be, for example, that a ball is almost always eje¢ted
not ejecteglat the same point in the vibration cycle, probably
when the displacement is a maximum. The general sharpness
of these vibration peaks, and the presence of their harmonics,
supports this hypothesis.

C()

04 HH

)
<
N
v,

B=3.1° =0

S(f)

0.01

5

$=0.8° =1.2

01

S(f)

0.01

FIG. 15. (a) Correlation function for an unvibrate@olid line)
and vibrateddashed lingsystem in a regime with steady floisee
text). Only the first 0.6 s are showi(b) Averaged power spectrum
of the unvibrated data ita). The periodic flow of the balls is visible
as a peak at-42 Hz and its harmonicsc) Averaged power spec-
trum of the vibrated data ife). The flow is still nearly periodic, but
there are now stronger subharmonic structdse® text The peaks 2. Flow with jams
at 1.9 Hz and 3.8 Hz are the vibration frequency and its second
harmonic.(Both spectra are flat below 1 Hz and are not shown in
order to see the details at higher frequeicy.

Figure 16&a) shows histograms of the elapsed times for
three different configurations in regimes with flow with jams.
All three appear to have roughly exponential tails.the
300%. Interestingly, the end result is that the flow rate haslapsed times were random, their distribution would be
actually increased slightly. purely exponential. However, the distribution fo3=6.5°,

In Fig. 15), the first 0.6 s ofC(7) is shown(solid lineg ~ A=2 mm does not have a distinct sharp peak at very small
for the unvibrated data set in Fig. 14. The oscillations con-o as do the other two. Moreover, the distribution f8r
firm that the signal is nearly periodic, i.e., individual balls =0.8° has a decay time 6£0.003 s whereas both distribu-
are leaving the funnel at well-defined intervdls-0.025 s tions for =6.5° have decay times of0.02 s. Thus, al-
~Q L. As expectedB(t) becomes uncorrelated for long though all three flows are termed “flow with jams” follow-
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FIG. 16. (a) Histograms of elapsed times for three configura- FIG. 17. (a) Correlation function for the first configuration
tions which exhibit flow with jams. Only the first 0.15 s are shown. (solid line) in Fig. 16b). (b) Averaged power spectrum for the
(b) Cumulative distributions of the same dathines are drawn for  configuration in(a). (It has been truncated at 100 Hz for clarjty.
clarity.) The vibration frequency appears as a peak at 3.4 Hz. The broad

peak at~20 Hz is due to the weak periodicity induced by the

ing their observed behaviofsee Fig. 1], nevertheless hard-sphere excluded regigsee text

qualitative differences exist between them depending on the 1.5 rrelation functiorc(

precise values op andl'. o log-log plot to capture a wider range of time scales. The
The cumulative distributions of the data in Fig.(@6are  minimum at7~0.024 s corresponds to the excluded region
shown in Fig. 160). Foro>0.1 s, one can now see the Iong of hard spheres during periods of flow and is, not surpris-
tails of the distributions due to jams which last as long asngly, approximately the blocking time, . It is followed by
~200 s(approximately 800 vibrations of the systenfihese 3 weak peak at twice the minimum tintge., 7~0.048 $
tails certainly decay slower than exponentially, and are percorresponding to the increased likelihood of finding two
haps algebraic, but the statistics are too poor to be convingalls together. The rise to the left of the minimum is from
ing. (In any case, the exponent would certainly be ratherself-correlations. The small regular oscillations around
different for the three distributionsThus, there appear to be ~2 s correspond to the vibration frequenawt to any pe-
two temporal regions: a short one with exponential behavioriodic flow of the balls. The large irregular oscillations for
resulting from the periods of flow, and a longer one, possiblyr>10 s are due to the longest jams. The overall decay is not
algebraic, from the jams. In particular, both distributions forwell-defined in any sense, ar@(7) does not approach its
B=6.5° have relatively many long jams, whereas that foruncorrelated valuéB2)=0.014 in a direct manner, indicat-
B=0.8° has only two that exceed 1 s. Thus, reasonably, thang that there are still correlations.
jams for3=6.5° are measureably more stable than those for The corresponding power spectrum shown in Figb1lis
B=0.8°. more revealing. The peak at 3.4 Hz is just the vibration
We will now focus on the first of the distributions in Figs. frequency again. The broad peak-aR0 Hz is due to the
16(a) and 1@b) (solid lineg, which had the longest jams. very weak periodicity created by the hard-sphere exclusion
First, we find that{(c)=0.17 s and(o,)=0.023 s, hence during flow, and corresponds to the inverse of the weak peak
(B)=0.12. Thereforep~10 cm/sy/~7.4d~1.8 cm, and to the right of the minimum in the correlation function. One
Q~5 balls/s[roughly the mean in Fig. 1®]. Obviously, also expects this to occur at a frequency corresponding to the
the mean free path has increased due to the jams. The velonost likely time interval between balls, namely, the blocking
ity of the balls(when they are flowingis not significantly time o, plus the location of the peak in the distribution
different from that for steady unvibrated flow. shown in Fig. 16a), which is ~0.025 s. Hence, the peak

7) is shown in Fig. 17a) on a
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FIG. 18. (a) Histograms of the elapsed times for three configu-
rations exhibiting excited flow. Only the first 0.1 s is showi)
Cumulative distributions of the same dataines are drawn for
clarity.)

FIG. 19. (a) Correlation functions of the configurations in Fig.
18. Only the first 0.2 s is showfb) Averaged power spectra for the
first two configurations ina) (see text (They have been truncated
at 100 Hz for clarity)

71 .

should occur at (0.0260.023) “~20 Hz. (This should  haye the same qualitative behavior, namely, a peak at
also be the flow rat@ during periods of flow. The width of ¢ 51 5 and approximately exponential tails with time con-
this peak therefore gives an estimate of the coherence time Qf; s of 0.01-0.03 s. In these respects, these distributions
flowing balls. It is ~.0.03 s, which is on_Iy slllghtly longer osemble those for flow with janisf. Fig. 16a)].
than the blocking time, hence the spacing is probably ran- o narticular, for the first distribution in Fig. 18 (solid
o_Iom beyond _the hard-sphere excluded region. The OSC'”‘T’]ine), which is the most excitetlargest value of’), we find
tions at yet higher frequency are not harmonics of any pefig, o (0)=0.012 s,(0,)=0.012 s, and'B)=0.49. There-
odicity, but are almost entirely due to the passing of almost . u~20.cm/s /N(bj ~2..4 mm’ aan~42.ba.IIs/s[cf.
uncorrelated individual balls. Thus, this is just the shapejg 1 71)] The velocity of the balls as they leave the funnel
function |tself[s¢e Eq(2)]. As before, from the first zero of is generally higher than for steady flow or flow with jams.
the shape function at40 Hz, one extracts an average ball For the second distribution in Fig. (8 (dashed ling we
velocity v ~10 cm/s, consistent with the earlier result. find that (¢)=0.017 s, (0)=0.022 s, and(B)=0.58.

Finally, unlike the previous spectra shown in Figs(d)5 Thereforep ~11 cm/s/;0.8d~1.8 mm,,and3~26 balls/s

and 1%c), the spectrum in Fig. i) is not white at frequen- ot £ 13¢)]. The velocity here is comparable to the other
cies below~1 Hz. (The power spectra for the other two ., regimes.

configurations in Fig. 16 were qualitatively similahis is For the third distribution in Fig. 1@) (dotted ling, we
not surprising given the presence of long-lived jams. In par ind that (0)=0.037 s{0},)=0.023 s, and (B)=0.39.

ticular, the nonwhite behavior in the frequency range 0.01— herefore, v~10 cm/s/~1.6d ~3.8 mm, and Q~17

Hz cofresponds to the long jam times of 1-100 s observeq 'Balls/scf. Fig. 12f)]. Although the velocity is the same as

Fig. 16D). [If one wishes o play the exponent game, then inyne previous distribution, the density is distinctly lower.
this regimeS(w)~w ", so this may be an example of So- o omylative distributions are shown in Fig. (48
called 1f noise] If there are indeed long-time correlations, Only the first configuration(solid ling), which is the most

however, we have no explanation as to their origin. excited, has an obvious nonexponential tail, although even it
has no elapsed times longer thar8 s. In this case, how-
ever, the tail is not due to jams, but to the fact that the balls
Figure 18a) shows the elapsed time histograms for threeare violently bouncing around inside the funnel and cannot
different configurations exhibiting excited flow. They all escape. However, when they do escape, the sharpness of the

3. Excited flow
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distributions in Fig. 18y implies that during periods of flow VIl. SUMMARY
the balls are fairly close together, i.e., they exit the funnel in
clusters with relatively high velocities. The first configura-
tion, in particular, shows this effect most dramatically.

The correlation functions are shown in Fig.(&9 The
balls are uncorrelated except for the hard-sphere exclusion
very short times. It is not visible in the third configuration

In this work, we have studied the effect of vibrations on a
two-dimensional granular flow in a small-angle funnel. Gen-
erally, the most interesting effects occurred for small outlet

idths where, without vibrations, the flow simply jammed.
ence, vibrations had the effect of breaking jams. However,
(dotted ling because//d~1.6 so the balls have less hard in the .fIO\.N with jams regime, the ja_ms may have rela_tively
long lifetimes. In some cases, this was apparent in the

contact than in the first two configurations whef&d=<1. . LT ) . ' .
; : elapsed time distributions with their long, possibly algebraic
The averaged power spectra for the first two configura;

tions in Fig. 198 are shown in Fig. 1®). The vibration tails, and also in the corresponding correlation functions and

frequencies are just visible at 7.2 Hz and 5.3 Hz, rESpecl'arge fluctuations in flow rates, although they always became

tively. The broad peaks at40 Hz and~25 Hz are again .
due to the weak periodicity induced by the hard-sphere ex§table and constant ds was increased, and approached a

clusion as already described for the power spectrum for flo lower bound for sufficiently large vibration amplitudes. For

o R : VYarger outlet widthsD=4 mm andD=5 mm), there were
with jams in Fig. 17b). In particular, we note that the non- ! . .

: I . L no jams, and the flow behavior was not nearly as rich. Gen-

exponential tail in the cumulative distributi¢Rig. 18b)] for v the fi te simolv d ed50% asl o
the first configuratiorisolid line) between 0.1 ath3 s clearly erally, the flow rate simply decreas o asl wasin
leads to nonwhite behavior in its power spectrum in the Cor_creased.
responding frequency range 0.1-10 HZhe unaveraged
spectrum, which had a bandwidth 6f0.003 Hz, appeared
to be white below~0.1 Hz, although the fluctuations were It is a pleasure to thank S. Hadk and C. Veje for their
rather large. By comparison, the second configuration in helpful comments and assistance. P.D. would like to thank
Fig. 18b) (dashed ling which had no such tail, has a white Statens Naturvidenskabelige ForskningsréDanish Re-
spectrum below~1 Hz. search Councilfor support.

power spectra. In this regime, vibrations also resulted in
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